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Abstract
The aim of this paper is to study the obstacle problem associated with an elliptic operator having degenerate coercivity, and with a low

order term and L' —data. We prove the existence of an entropy solution to the obstacle problem and show its continuous dependence on the
—data in W*9(Q) with some ¢ > 1.
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1 Introduction
1.1 Problem setting and main result

Let 2 be a bounded domain in RV (N > 2), 1 < p < +oc and # > 0. Given functions g, ¢» € WHP(Q) N L>(12) and data
f € L*(Q), the aim of this paper is to study the obstacle problem for nonlinear non-coercive elliptic equations with lower order
term, governed by the operator

a(z, Vu)

Au = —div W

+ blu|"?u, 1

where b > 0 is a constant, and a : 2 x RN — R is a Carathéodory function, satisfying the following conditions:

a(z,§) - & = af¢]?, 2)
I(éﬂﬁﬂ()+EPU 3)
(a(z,8) — alz,n)(€ —n) > )

|§f(\p*1, ifl<p<?2

(5)
(L+1€l+[¢hP2lE =<l ifp > 2

IM%O—a@Kﬂ<v{

for almost every z in €2, and for every &, 7, in RY with £ # 7, where a, 3,7 > 0 are constants, and j is a nonnegative
function in L?' (£2).

If f has a fine regularity, i.e., f € W’Lp'(Q), the obstacle problem corresponding to (f, v, g) can be formulated in terms of
the inequality

a(x, Vu) o o
/ T oo V(u—v)dx + /Q blu|"“u(u — v)dz < /Qf(u —wv)dz, Yv € K, NL2(Q), (6)
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whenever 1 < r < p and the convex subset
Kyyp={veWhP(Q); v—g € WyP(Q), v >, ae. in Q}

is nonempty. However, if f € ! (€2), (6) is not well-defined, and following [1,3,6] etc., we are led to the more general definition
of a solution to the obstacle problem, using the truncation function

T,(t) = max{—s, min{s,t}}, s,t €R.

Definition 1 An entropy solution of the obstacle problem associated corresponding to operator A and functions (f,v, g) with
f € LY(Q) is a measurable function u such that u > 1 a.e. in —a(@Vu) (LYY, Ju|"~t € LY(Q), and, for every

» [Wlu)?e-D €
5> 0, Ty(u) — Ts(g) € Wy P(Q) and

a(x,Vu) r—2 o)
/Q A [u)feD -V (Ts(u—v))dr + /Q blu|" " uTs(u — v)dr < /QfTs(u —wv)dz, Yv e Ky NL¥(Q). (7

Observe that no global integrability condition is required on u nor on its gradient in the definition. As pointed out in [3,9],
if T,(u) € WHP(Q) for all s > 0, then there exists a unique measurable vector field U : Q@ — R such that V(7T (u)) =
X{|u\<s}U a.e. in €0, s > 0, which, in fact, coincides with the standard distributional gradient of Vu whenever u € whl (Q).

Before stating the main result, we make some basic assumptions throughout this paper, i.e., without special statements, we
always assume that

1 N 1 p-r
2— — N, 1< <0 i — b
N<p< ,1<r<p 0L <mm{N_1 p—l’p—l}’ > 0,

and ¢, g € WHP(Q) N L>®°(Q) with (1p — g)T € W,y P(Q) such that K., # 0. The following theorem is the main result
obtained in this paper.

Theorem 1 Let f € L*(9)). Then there exists at least one entropy solution u of the obstacle problem associated with ( f, 1, g).
In addition, u depends continuously on f, i.e., if f, — f in LY(Q) and u,, is a solution to the obstacle problem associated with

(.fna P, g)’ then

N(r—1) N(p—1)(1—-6 . 2N—1
(Ngrr—l)’ N(—pl—(ggp—lg)v if N7 <r<p

Uy — win WH(Q),Vq € N (3)
’ _ —0 . . —
(1’]\,(7]717179)8)71%)7 lflgr<mln{2]</'vfllap}'
1.2 Some comments and remarks
Consider the Dirichlet boundary value problem having a form
. VulP"2Vu .
—dlvww‘f‘buzf, in €, ©)

u =0, on 012,

with p > 1,0 € (0,1],b > 0, f € L(Q2). The item vaﬁ) is not coercive if u is very large. Due to this, the classical

methods used to prove the existence of a solution for elliptic equations, i.e., [15], cannot be applied even if b = 0 and the data
p—2 ’
f is regular. Moreover, % and v and f are only in L'(Q), not in W~#'(Q2). All these characteristics prevent us

employing the duality argument [18] or nonlinear monotone operator theory [19] directly.

To overcome these difficulties, cutting the noncoercivity term and using the technique of approximation, a pseudomonotone
and coercive differential operator on VVO1 "P(Q) can be applied to establish a priori estimates on approximating solutions. As



a result, existence of solutions, or entropy solutions, can be obtained by taking limitation for f € L™(Q),m > landb > 0
due to the almost everywhere convergence for the gradients of the approximating solutions, see e.g., [4,7,10-12,16] ( see also
[1,2,8,13,14,17] for b = 0).

Motivated by the study on the non-coercive elliptic equations (9), we consider in this paper the obstacle problem governed by
(1) and functions (f, 1), g) with f € L' (£2). We prove the existence of an entropy solution and show its continuous dependence
on the L' —data in W14(Q) with some ¢ € (1,p).

In the following, we give some remarks on our main result and inequalities that will be needed in the proofs. Some notations
are provided in the end of this subsection.

Remark 1 (i) 0 <6 < min {NA_II pil, g:;} =r-1<(1-0)(p-1)< %(”117‘;&)1; Therefore Theorem 1 guarantees

|u|"~1 € LY(Q), and the second integration in (1) makes sense.

(ii) We will show that % € (LY ()Y in Proposition 4. Therefore, the first integration in (7) makes sense.

.. N(r—1) N(p—-1)(1—-6 1)(1-0
i (N:r_;, Res ) o (1 Hes ) o

<7“g1ves N 1)>1 Thusun—>umW1’q forallq € 1,%)(1:9).
Nir N—1—0(p—1)

r—1 1)(1—6 N(r—1
R o ROy > Moy

while 2

(iii) r—1< J\]qu Indeed, byl <r< QJi,V there holds 1 — 1 < &~ < N q[for any q > 1, particularly, for

N—1
g€ (1, %@%M) Forr > 2N , it suffices to note that q > %ﬁr 1; er—1< 5= q

(iv)q<p.lndeed,0§9<%—p%l<%:x@117m<p

Remark 2 Checking proofs of this paper, one may find that, for b = 0, (8) holds with

N(p—l)(l—ﬁ))
"N-1-0(p-1))

Up — win WH(Q),Vq € (1 (10)

Indeed, it suffices to set v = 1 in the proofs.
Notations

lull, = llul| Lr (o) is the norm of LP(€2), where 1 < p < oo. [|ull1,, = [|ullw1.» (o) is the norm of WP (€2), where 1 < p < co.
pl =B withl < p < oo ut = max{u,0}, v~ = (—u)™, if u is a real-valued function. C'is a constant, which may be
different from each other. {u > s} = {z € Qu(x) > s}. {u < s} = A\ {u > s}. {u < s} = {z € Qu(x) < s}.
{u > s} *Q\{u< sh.{u=s}={r € Qu(z) =s}. {t <u<s}={u>tyN{u<s} LY is the Lebesgue measure of
RY. |E| = LN (E) for a measurable set E.

2 Lemmas on entropy solutions

It is worthy to note that, for any smooth function f,,, there exists at least one solution to the obstacle problem (6). Indeed, one
can proceed exactly as in [1,12] to obtain WP —solutions due to the assumptions (2)-(4) on ¢ and 7 — 1 < p. These solutions,
in particular, are also entropy solutions. In this section we establish several auxiliary results on convergence of sequences of
entropy solutions when f,, — f in L(Q).

Lemma 2 Let vy € Ky N L>®(QY), and let u be an entropy solution of the obstacle problem associated with (f, 1, g). Then,
we have

|Vul?
— L _dr < C(1+1t"), Vit >0,
/{u|<t} (1 + [u])6p=1)

where C'is a positive constant depending only on o, 3, p,7,b, |17l [|Vvollp, [|vollec, and || f1]1.



Proof Take vy as a test function in (7). For ¢ large enough such that ¢ — ||vg||oc > 0, we get

a(z, Vu) - Vu a(z,Vu) - Vo —_
/ aln Vo) Vg, < / ate, ) V0 gy / (f = blul"2u) Ty (u — vp)da. (an
{lvo—u|<t} (1 + ‘UD P {|vo—u|<t} (1 + ‘UD P Q

We estimate each integration in the right-hand side of (11). It follows from (3) and Young’s inequality with € > 0 that

,Vu) -V |+ [VuP=1) - |V
[ daVOTmg [ AT,
{lvo—u|<t} (1+|U’D P {lvo—u|<t} (1+|u|) P

i’ p p
[ PV, CEITr,
{|vo—u|<t} {lvo—u|<t} (

= (0 + Jul) o) T+ [ul) 0D
[Vul? "
</ ey de + (il + [V uol?). (12
{Jvo—u|<t} (1 + [u])?P—D P P
—/ blu|""2uTy(u — vo)dx = —/ blu|""2uT; (v — vo)dx — / blu|""2uTy (u — vo)da. (13)
Q {lu—vo|<t} {lu—vo|>t}
Note that on the set {|u — vg| < t},
[lul™ 2Ty (u = vo)| <t + [[volloc|™™" < C(L+17), (14)

where C'is a constant depending only on 7, ||vg || co-
On the set {|u — vg| > t}, we have |u| >t — ||vo|loo > 0, thus w and T3 (u — vg) have the same sign. It fllows

—/ blu|""2uTy (u — vo)dz < 0. (15)
{lu—vo|>t}
Combining (13)-(15), we get

7/ blu|""2uT; (u — vo)dx < C(1+t7). (16)
Q

[Vul? "
a7 <CUily + IVvollp + I fll + 1 +¢7)

/{vgu|<t} (14 |u])?—b P b

<C(1+t). (17)

Replacing ¢ with ¢ + ||vg]| in (17) and noting that {|u| < ¢} C {|vo — u| < t + ||vo||ec }, One may obtain the desired result.l
In the rest of this section, let {u,, } be a sequence of entropy solutions of the obstacle problem associated with ( f,,, v, g) and
assume that

fao— [ inLNQ) and | fally < [[fll1 + 1.
Lemma 3 There exists a measurable function u such that u,, — u in measure, and Ty, (u,) — Ty (u) weakly in WP (Q) for

any k > 0. Thus Ty (uy) — T (uw) strongly in LP(2) and a.e. in SQ.

Proof Let s,t and € be positive numbers. One may verify that for every m,n > 1,

LY ({Jun = um| > s3) LY ({[un] > 1) + LY ({fum| > 1) + LY ({|Ti(un) — Tio(um)| > s}), (18)



and

1 1
Y ({funl > 1) = / rar < L / Ty () Pda. (19)

{un[>t}

Duetovg =g+ (¢ — g)* € Ky N L®(Q), by Lemma 2, one has

l/|VTKu@VHx:i/ VunPdz < C(1+8)=D(1 4 1), 20)
Q {lun|<t}

Note that T} (u,) — Ty(g) € Wy’ (). By (19), (20) and Poincaré’s inequality, for every ¢ > | g||o and for some positive
constant C' independent of n and ¢, there holds

N l w,)|Pdx
£l > 1)) <55 [ [T

2r—1
tp

op—1
P
o lall?

p—1

= /Q T (un) — Ti(g)[Pdz +

C 2
<5 | 9Tin) = VTg) P+ 2ol

tp
C C
— p _ p

<5 [ T Pde+ Sl

r+0(p—1)
_C+1 )
_—tp

Since 0 < 0 < g%’{, there exists ¢, > 0 such that

LY {Jup| >t}) < =, VEt>t., ¥Vn>1. 1)

€
37
Now we have as in (19)

1
YT, () = T (um)| > 1) = 5
S M| Tes (un) =T (um)|>5}

1
sPdz < —/ |T:. (wn) — Tt (U |Pde. (22)
sP Q
Using (20) and the fact that T} (u,,) — Ty (g) € W, " (2) again, we see that {T;_(u,,)} is a bounded sequence in T '*(£2). Thus,
up to a subsequence, {T;_(u,)} converges strongly in L”(€2). Taking into account (22), there exists ng = ng(t.,s) > 1 such
that

LT (un) — T (um)| > s}) < =, ¥n,m > ne. (23)

W ™

Combining (18), (21) and (23), we obtain
LY ({Jtn — tm| > s}) <&, Yn,m > ng.

Hence {u,, } is a Cauchy sequence in measure, and therefore there exists a measurable function u such that «,, — u in measure.
The remainder of the lemma is a consequence of the fact that {7} (u,,)} is a bounded sequence in W1 (). [ ]

Proposition 4 There exists a subsequence of {u,, } and a measurable function u such that for each q given in (8), we have
w, — u strongly in Wh9(Q).
If moreover 0 < 0 < min{N%p_H, % — L 2= then

a(x, Vuy,) o a(z, Vu)
(14 Jun)?P=D (14 Juf)?@=D

strongly in (L*(2))V .



To prove Proposition 4, we need two preliminary lemmas.
Lemma 5 There exists a subsequence of {u,} and a measurable function u such that for each q given in (8), we have u,, —

u weakly in W14(Q2), and u,, — u strongly in L9(2).

Proof Letk > 0andn > 1. Define Dy, = {|u,| < k} and By, = {k < |u,| < k+1}. Using Lemma 2 with vy = g+ (1 —g) ™",
we get

|vuﬂ|p T
/Dk 0T Ja oo 97 < CLHRD, @4

where C' is a positive constant depending only on ¢, 8, b, p, 7, ||jlly, || fll1, [|Vvollp, and ||vo]| co-

Using the function T (uy, ) for & > {||g]lcc, ||¥]|cc }» as a test function for the problem associated with (f,,, 1, g), we obtain

/ a(z, Vuy) - V(T (un, — Tx(u
o L+ e

n)))dm + /Q bl " 2un Th (g, — Th(uy,))dz < /anTl (ty, — Tk (uy))de,

which and (2) give

/ oAVunl” +/b| " PunT1(un — To(un))dz < | full < I fl +1
— dx (22 Up, Un — U T = - '
B (1+|un|)9(p—1) o n 1{Un k\tUn n|ll 1

Note that on the set {|u,| > k + 1}, u,, and T} (u,, — Tk (u,,)) have the same sign. Then

/Q |t |" 2 un Ty (= T (u))da = /

[ |" 2 T (un, — T (uy))dz —|—/ [t |" 2 T (, — T () )da
Dy,

By,

+ / \un|T72unT1 (upn, — Tk (uy,))dx
{lun|>k+1}

2/ |un|T72unT1(un — Ty (uy))da.
By
Thus we have

o|Vu,|? / -2
—— —dz+ < +1- blun, " “un Ty (ty, — Th(uy,))dz
[ gt <UL [ b~ ()

<+ 1+ / by "z

By

<C(1+(/ |un|q*dx)q | Br| ) (25)
By,

where q is given in (8) and ¢* = NN—_qq.

Lets = w. Note that ¢ < p and pp_sq < ¢*. For Vk > 0, we estimate ka |Vu,|?dz as follows
p—q

|Vu,|?
ad, —
R o=
[Vu, P N
< 1 n pqd
_</ (1 + |unl) a(p 1) Bk (1 + Jun) T
|Vun| % p—q _ps_ =
<[ rpepmnte) (1805 4 ([ e
By, n Bk




|Vun| ) ( ( * )‘Is* M_s)
<C d.’ﬂ B P Unp q d:r B 4 q*
- (/Bk (14 |un)0P—1) 1Bl 7 ] 1B+l
T . pP1
<c<3k| Bk|q(/ |7 dx) 1B p(/ |7 dx)
By
+ | Bg|*~ P2< up|? dz ) > by (25)
( [tn |9 dx) ’
+|Bk‘1 pP1— CllBk|Cl</ ‘Un‘q dl‘)
By
. P2
+|Bk1-m-°‘2|Bk|C2( [ e dx) )
By

where p; = 1 1r— - 7p ———f—g
Notethat6<p

—C(Bk| P ‘Bk| i"

O(p—1 -1 -1 1
-1 r-1_» - = =1--4—
D D P N q q*
Thus
Oq(p — 1 r—1 1 1—
ap—1) ol )+1<q+%¢>s+u+l<q+—®p2+ P24
D P q D *+1 ¢

Note that p; < pa < 1. Then for ¢ = 1, 2, we always have

1—pi
Pi o4

 +
Pit o <

From this, we may find positive C;(i = 1, 2) such that

1-p; .
pi+q*+p1<pi+0i<;—*<1,2:1,2. (26)
It follows
1—p;

<C’i<:>1—pi—0i<0iq*, i =1,2,

¢ +1
which implies

Ciong* = ———>1, i=12, Q7

with a; = H%C >1, i*: 1,2. Let §; = ﬁ > 1,4 = 1,2. Then we have a%_ + é =1(i =1,2).
Since |By| < k%ka [Un |9 da, | By|' 7P = < QPP and | By |' P22 < Q|1 P22, we have for k > ko > 1

p—4q
C . = C ) p1+Ci C B} p2+Ca
Vu,|fdr < —————— Uy |9 dx ' + — uy,|? dz 4+ — uy,|? dz .
C C
By po (52-%) \ U, kT I, k<2 \ JB,

q



Summing up from k = ko to k = K and using Holder’s inequality, one has
K 1 » K =
> | IVug|'dz SC( > p—qp) : < Z / Uﬂ*dﬂ?)
= kO/B i K G By
& K
(3 ) (3 (], e
k=ko
L K
ro( C) (Z ( 7 d
K 2 K
(3 ) (3 pier)
k 17 (I q k=k 0

C% K p1+Ci
q
q* C1oz1) ( E :/ |’U,"| dl’)
k=ko V Bk

0% K . p2+C>
: ( > / |t 9 dx) : (28)
k=ko

B1(p1+Ch1) )gll

)ﬂz(p2+02)> 7

o

1.q*Caas
k 202 .

(S
S

+ o(
Note that

K
/ |Vun\qu=/ [Vu, |?dx + Z/ [Vu,|%dz. (29)
{lun|<K} Dy, = B

To estimate the first integral in the right-hand side of (29), we compute by using Holder’s inequality and (24), obtaining

/ |V, |?dz <</ de>g(/ (14 |u |):c1dx)ppq
Dig “\Jp,, (1+ [up])?=D Dy, "
<C, (30)
where C' depending only on o, 3, b, p, 0, |||, [l fIl1, [[Vvollp, [lvollec and Ko.
K K
Note that > ﬁ and Z kq*c = converge due to the fact that ¢* (2% — %)L > 1 and ¢"Cia; > 1 by (27),
k=ko k g —ko

respectively. Combining (28)- (30) we get for kg large enough

) p?%q i p1+C1
/ |V, |7da §C+C(/ [t |7 d:c) +C(/ |tn|? dfﬂ)
{Jun| <K} {Jun| <K} {Jun| <K}

. p2+C2
—|—C</ |t | dx) . 31
{lun| <K}

Since p > ¢, T (un) € WH(Q), T (g9) = g € WH(Q) for K > ||g|se- Hence Tk (u,,) — g € Wy %(£2). Using the Sobolev
embedding W, () C L9 (Q2) and Poincaré inequality, we obtain

T (un)ll g <277 (1 T (un) — a)
<C(IV(Tk (un) — 9)I§
SC(IVTk (un)llg + Vgl a)

<C (1 + / Vun|qu). (32)
{lun|<K}



Using the fact that

/ |up |7 da g/ T (un)|* da < || T () || 2. (33)
{lun|<K} {lun|<K}
we obtain from (31)-(32),
e (P1+Cl)%
/ [Vu,|?dz <C + 0(1 + / |Vun|qu> + (1(1 + / |Vun|‘1dx)
{lun|<K} {lun|<K} {lun|<K}
(P2+Cz)%
+ C’<1 + / |Vun|qu) . (34)

Note thatp < N < % pp%q < land (pi—i—CZ-)% < 1by (26). It follows from (34) that for kq large enough, f{\un\<K} |Vu,|?dx
is bounded independently of n and K. Using (32) and (33), we deduce that f {(un| <K} |un|‘f dz is also bounded independently

of n and K. Letting K — oo, we deduce that ||Vu,, ||, and ||u,| 4+ are uniformly bounded independently of n. Particularly,
uy, is bounded in W14(Q)). Therefore, there exists a subsequence of {u, } and a function v € W14(Q) such that u,, — v
weakly in W14(Q), u,, — v strongly in L?(Q2) and a.e. in 2. By Lemma 3, u,, — « in measure in 2, we conclude that © = v
and u € WH4(Q). [ |

Lemma 6 There exists a subsequence of {u, } and a measurable function u such that Vu,, converges almost everywhere in Q)
to Vu.

Proof The proof is quite similar to Theorem 4.1 in [1], which can be also found in [5]. Here we sketch only the main steps due

to slight modifications. For ro > 1, let A = p% < 1, where ¢ is the same as in Lemma 5. Define A(x,u,§) = %

(for the sake of simplicity, we omit the dependence of A(x, u,§) on x) and
I(n)= /((A(um V) — A(tn, V) - V(u, —u)) dz.
Q
We fix & > 0 and split the integral in /(n) on the sets {|u| > k} and {|u| < k}, obtaining
Li(n,k) = / (A(tn, Vun) — Ay, Vu)) - V(u, — u)) dz,
{lul>k}
and
Iy(n, k) = / (A(tn, V) — A(tn, Vu)) - V(u, —u)) dz.
{lul<k}
For I5(n, k), one has
Ir(n, k) < I3(n, k) = / (Ap (tn, Vun) — A (tn, VT (0))) - V(un — Ti(u))) d.
Q
Fix h > 0 and split I3(n, k) on the sets {|u,, — T (uw)| > h} and {|u, — Tk (u)| < h}, obtaining
Iy(n,k,h) = / (Ap (tn, Vun) — A (tn, VT (1)) - V(un — Ti(u))) de,
{lun =T (u)|>h}
and

Is(n, k, h) :/ (A (tn, Vun) — Ap(tn, VT (1)) - V(uy — Ti(u))) dz
{Jwn—Ti (w)|<h}



:/Q((An(un7 V) — Ap(tn, VT (w))) - VT (u, — Tk(u)))”\dx

A
§|Ql’\</9(An(un, Vun) — An(tn, VI (w))) - VT (uy — Tk(u))dx)
=10 Is(n, k, b))

For Is(n, k, h), it can be split as the difference I7(n, k, h) — Is(n, k, h)
where

I;(n,k,h) = /QA(un, V) - VIn(un — T(u))de,

and
Is(n,k,h) = /QA(un7 VTi(w)) - VI (upn — T(u))dz.

Note that [Vu,| is bounded in L(€2) and Apry = ¢. Thanks to Lemma 3 and Lemma 5, one may get in the same way as
Theorem 4.1 in [1] that

hm limsup I;(n, k) = 0, hm lim sup limsup I4(n, k, h) = 0, hm Is(n,k,h) = 0.

k—o0 nooco h—=o0 koo n—oo

For I7(n, k, h), let k > max{||g||cc, ||¥||cc } and n > h + k. Take T}, (u) as a test function for (7), obtaining
Lo(n, k. b) < / T (i — To(u))dz + / bt |2ty Th (1, — T (1) )dr
Q Q

Note that » — 1 < ¢*, and fQ |un|q*dx is uniformly bounded (see the proof of Lemma 5), thus |u,| converges strongly in
L*(9). Therefore we have

lim / |t |" 2 T (1, — The(u))dz = / lu|" 2 uTy, (v — T (u))dz.
Q

n—oo

Then using the strong convergence of f,, in L'((2), one has

lim_Ir(n k. h) < / Ty (u — To(u))dz + / blul"2uTy (u — Ty (u))dz.
n o0 Q Q
It follows

lim lim I7(n,k,h) <O0.

k— o0 n—00

Putting together all the limitations and noting that I(n) > 0, we have

nhﬁn;o I(n) =0.
The same arguments as [1] give that, up to subsequence, Vu,(z) — Vu(z) a.e.. |

Proof of Proposition 4 We shall prove that Vu,, converges strongly to Vu,, in L9(2) for each ¢, being given by (8). To do
that,we will apply Vitalli’s Theorem, using the fact that by Lemma 5, Vu,, is bounded in L%(€2) for each ¢ given by (8). So let

s € (g, %@117587(3) and E' C ) be a measurable set. Then, we have by Holder’s inequality.

/ V| 9da < (/ V| da:) ok

0
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uniformly in n, as | E| — 0. From this and Lemma 6, we deduce that Vu,, converges strongly to Vu in LI().

Now assume that 0 < 6 < min{ pr > - p—ip P=23}. Note that since Vu,, converges to Vu a.e. in €2, to prove the
convergence
a(x, Vuy,) a(z, Vu)

strongly in (L'(Q))",

(T + [un )@= " (1 + [u)?—D)

it suffices, thanks to Vitallis Theorem, to show that for every measurable subset £ C £, f P |% |dx converges to 0
uniformly in n, as [E| — 0. Note that p — 1 < 22=D0=9y by asqumptions. For any ¢ € (p — 1, N“’%M)), we deduce

N—-1-6(p—1)
by Holder’s inequality

a(z, Vun)
B | (14 Jua )0

dx<5/ (G + |Vun P~ Y)dz

. 1 o —pis
<Bljll |5 + 5 /E Vunlaz ) B

—0 uniformly in n as |E| — 0.

Lemma 7 There exists a subsequence of {uy} such that for all k > 0

a(z, VT (un)) - a(x, VT (u))
(1+ [T (un) )PP~ 7 (1 + [T (w)])?P—1)

strongly in (L*())N.

Proof Let k be a positive number. It is well known that if a sequence of measurable functions {u,, } with uniformly bound-
edness in L*(Q)(s > 1) converges in measure to u, then, u,, converges strongly to u in L' (€2). First note that the sequence

{%} is bounded in L?' (£2). Indeed, we have by (3) and Lemma 2,

a(x, VT (u,)) |V (un) [P
o | T () P00 s <A + 5 / 0+ T (an) "
VT ()7
<8I + / T T

<C.
Next, it suffices to show that there exists a subsequence of {u,, } such that

a(z, VT (uy)) a(z, VT (u))

(1+ [Ti(un))P®D " (1 + [Ty (u) oD " HEHE

Note that u,,u € Wh4(Q), where g is the same as in Proposition 4. The a.e. convergence of u,, to u and the fact that
Vu, — Vu in measure imply that

VTi(un) — VTi(u) in measure.

Let s, t be positive numbers and write V qu = (14‘:&%. Define

By = {|VaTk(un) — VaTh(u)| > s},
By, = {|VTi(un)| > t},
E2 = {|VTk(u)| > t},

11



E3 = E, N {|VTk(un)| <t} N {|VTk(u)] <t}

Note that E,, C E} UE2UE? for each n > 1. Using the fact by Lemma 5, the sequence {u,, } and the fucntion u are uniformly

bounded in W19((2), we obtain

LN(E}) < l/ VT (u,)|%dz < l/ |V, |%dz < 9,
ta /g, ta Jq, ta

1 1
£N(E2) < 7/ VT (u)|%dz < 7/ Vultde < &
ta /g, t4 Jq 1

We deduce that for any € > 0 there exists t- > 0 such that

LY(EY) + LN (B2) < % Yt >t ¥n > 1

Note that for a > b > 0, > 0, we have the following inequality

7(b—a)
(1 + c)l-’rT

Axay (0407 < 7lb—a| forsomec € [b,al.

) 1 1

We deduce from (5) and (3) that in E

s <|VaTk(up) — VaTg(u)]
a(x, VT (uy)) — a(x, VI (u)) ( 1 3 1
(1 +[Th(un)])? =1 (14 [Th(un) )@= (1 +|Ti(w) )P0
<O(p — V)| Ty (un) = Ti(w)| - B + |[VTk(w)[P~H)
{ VT (un) — VTk(u)|P 1, ifl1<p<?
VT (un) = VTk(w)| (1 + [VTx(un)| + [VTk(u) )P 72, if p > 2
<Coj| T (un) — Tio(u)| + Co(L + 7~ +#772) (| Ty (un) — Tio(u)| + [V Tjo(un) — VT (u)]),

)a(m,VTk(u))‘

which leads to E3 C Fy U Fy, with

Fy = {j|Tu(un) — Ti(u)| > ﬁ},
Py = {|Tk(un) = T (u)| + VT (un) — VT (u)| > 2Co(1 + t;—l T -2) }

In F}, we have

2C0 S 200 .
— —dr < — T (uyn) — T, dz.
= aepde < S0 [ T = Titwlds

LN (F) =
By Lemma 3, we deduce that there exists ng = ng(S, Co, ) such that

EN(Fl)S Y n > ng.

w| ™

For F», note that F? C F3 U Fy, with

S
F3 = {|Tk(un) - Tk(“’)‘ > 400(1 + tp—1 4 tpfz) }’
S
= {|VTk(u") R TN Ty }

12
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Using the convergence in measure of VT (uy,) to VT (u) and Ty (uy,) to Ty (u), for ¢ = t., we obtain the existence of
ny = ny(s,e) > 1 such that

LYN(Fp) < LN(F3) + LY(Fy) < =, Vn>ny. (37)

Wl M

Combining (35), (36) and (37), we obtain
LY {IV AT (un) — VAT (u)| > s}) < e, Vn>max{ng,n}.

Hence the sequence {V 4T} (u,,)} converges in measure to V 4T (u) and the lemma follows. |

3 Proof of the main result

Now we have gathered all the lemmas needed to prove the existence of an entropy solution to the obstacle problem associated
with (f, 1, g). In this part, let f,, be a sequence of smooth functions converging strongly to f in L!(Q), with || f,, |l < || f]l1+1.
We consider the sequence of approximated obstacle problems associated with (f,,, v, g).

Proof of Theorem 1 Let v € K, N L (9). Taking v as a test function in (7) associated with (f,,,, g), we get

A‘W-V(Tt(un—v))dﬁ/

bl | 2un Ty (uy, — v)dz < Ty (uy, — v)dz.
(1 + Juy,|)f=1) Q|u| unTi(u v)xf/gf t(un —v)de

Since {|u, —v| < t} C {Jun| < s} with s =t + ||v||co, the previous inequality can be written as

/ AV aT () - Voda > / — fuTi(un — v)da + / blutn | 2un T (up — v)dr + / NV aTu(tn) - VT )de,
Q Q Q Q

(38)
a(z,Vu)

(A+fu)?@=D
t0 X{ju—v|<¢} in 2\ {|u — v| = t}. It follows that

where Xn = X{ju,—v|<¢} and Vau = It is clear that x,, — x weakly* in L°°(2). Moreover, ,, converges a.e.

1, in {Ju —v| < t},
X:

0, in {|u — v| > t}.

Note that we have £V ({|u — v| = t}) = 0 for ae. t € (0,00). So there exists a measurable set O C (0, 00) such that
LN{|u—v| =t}) =0forallt € (0,00) \ O. Assume that t € (0,00) \ O. Then Y, converges weakly* in L>°(Q) and a.e.
in Q0 X = X{ju—v|<t}- Since VT (u, ) converges a.e. to VT (u) in € (Proposition 4), we obtain by Fatou’s Lemma

n—oo

lim inf/ XnVaTs(un) - VTs(up)dz > / XV aTs(u) - VTs(u)dx. (39)
Q Q

Using the strong convergence of V 4T (uy,) to VaTs(u) in L'(Q) (Lemma 7) and the weak* convergence of Y, to ) in
L>(Q), we obtain

lim XnVaTs(uy) - Vodz = / XV aTs(u) - Vodz. (40)
Moreover, due to the strong convergence of f,, to f and |u,,|"~?u, to |u|""?u (by r —1 < ¢* and the boundedness of ||u,,||4+)
in L'(Q), and the weak* convergence of T}(u, — v) to Ty(u — v) in L°°(£2), by passing to the limit in (38) and taking into
account (39)-(40), we obtain

/ XV aTs(u) - Vodr — / xVaTs(u) - VTg(u)dr > / —fTi(u —v)dz —|—/ blu|"2uT;(u — v)dz,
Q Q Q Q
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which can be written as
/ xVaTs(u) - (Vv — Vu)dz > / —fTy(u —v)dz + / blu|"?uTy(u — v)dz,
{lv—u|<t} Q Q
or since X = X{ju—v|<t} and V(Ti(u — v)) = X{ju—v|<t} V(u — )
Vau-VTi(u—v)dz 4+ [ blul""2uT}(u —v)dz < A fTi(u —v)dz,Vt € (0,00) \ O.

Q Q

For t € O, we know that there exists a sequence {¢;} of numbers in (0, 00) \ O such that ¢, — ¢ due to |O| = 0. Therefore,
we have

/ Vau- VT, (u—v)dr + / blu|"?uTy, (v — v)de < / fTi, (u — v)de. 41)
Q Q Q

Since V(u — v) = 0 a.e. in {|u — v| = ¢}, the left-hand side of (41) can be written as
/ Vau- VT, (u—v)dz = / X{lu—v|<tz} Vau - V(u—v)dz.
Q Q\{lu—v|=t}

The sequence X {|y—yv|<t,} CONVErges to X {|y—y|<¢} a.€.in Q\ {|u —v| = t} and therefore converges weakly* in L (2\ {|u —
v| = t}). We obtain

lim [ Vau-VT;, (u—v)de :/ X{lu—v|<t}Vau - V(u—v)dr
koo Jo O\ {Ju—v|=t}

2/ X{lu—v|<t}Vau - V(u—v)dr
Q

:/ Vau - VTi(u — v)dz. (42)
Q

For the right-hand side of (41), we have

<t =t - |IfllL = 0 as k — oo. (43)

) / [T, (v —v)dz — / fTi(u —v)dx
Q Q
Similarly, we have

' / lu|"2uTy, (u — v)de — / lu|" " 2uTy(u — v)dz| < [ty —t] - [[Ju]"" |1 — 0as k — oo. (44)
Q Q

It follows from (41)-(44) that we have the inequality
/ Vau - VTi(u—v)dx + / blu|""2uTy(u — v)da < / fTi(u —wv)dz, ¥Vt € (0,00).
Q Q Q

Hence, u is an entropy solution of the obstacle problem associated with (f, v, g). The dependence of the entropy solution on
the data f € L'() is guaranteed by Proposition 4. |
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