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Abstract
How to measure quantum entanglement is still an open issue. Some entropy
functions are applied to address this issue, such as von neumann entropy. In
this paper, a new Deng entropy based method is presented to measure quantum
entanglement. The main idea is calculation the entropy difference between the
state of entanglement and the state of disentanglement as the quantum entanglement degree. The more the entropy difference, the less the quantum entanglement degree. Numerical examples on two typical quantum entanglement,
namely GHZ state and W state, are illustrated the efficiency of the proposed
Deng entropy measure.
Keywords: Quantum entanglement, Entanglement degree, Deng entropy,
Maximum Deng entropy, Entropy difference

1. Introduction
Quantum entanglement plays an important role in quantum information processing. However, an open issue is how to measure the quantum entanglement
degree. A typical method is based on von neumann entropy [1, 2, 3]. How
to measure the entanglement of a quantum system is an important issue [4].
Regarding this issue, many experts have made a lot of efforts and put forward
many theories and models [5, 6]. Krisnanda et al. [7] observed the quantum
entanglement based on gravity theory. Ho et al. [8] proposed the matrix product state approach under quantum system. Bienfait et al. [9] proposed remote
quantum qubit entanglement. Iadecola and Schecter [10] measured the quantum
many-body scar states with the aid of emergent kinetic constraints and finiteentanglement revivals. In this paper, we explore a new methodology to measure
the quantum entanglement degree based on the Deng entropy. The main idea is
using Deng entropy difference between the entanglement and disentanglement.
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Numerical examples on two typical quantum entanglement, namely GHZ state
and W state, are illustrated the efficiency of the proposed measure.
The remain of this paper is structured as follows. Section 2 introduces the
preliminary, including Deng entropy and maximum Deng entropy. Section 3
presents the proposed measure of quantum entanglement degree and the application in the two typical cases. Section 4 concludes the paper.
2. Preliminaries
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In this section, frame of discernment and mass function [11], Deng entropy [12, 13], maximum belief entropy [14] are briefly introduced.
2.1. Frame of Discernment
Given a frame of discernment Ω = {x1 , x2 , . . . , xn }, the power set of frame
of discernment is defined as follows:
Definition 2.1. (Power Set of Frame of Discernment) [11]
2Ω = {∅, {x1 }, {x2 }, . . . , {xn }, {x1 , x2 }, . . . , {x1 , x2 , . . . , xi }, . . . , Ω}

(1)

2.2. Mass Function
Given a frame of discernment Ω = {x1 , x2 , . . . , xn }, the mass function, m,
on 2Ω is defined as follows:
Definition 2.2. (Mass Function) [11]
m : 2Ω → [0, 1]

(2)
Ω

Where, m(∅) = 0 and ΣB∈2Ω m(B) = 1 with a focal element, B, of 2 .
2.3. Deng Entropy
Given a mass function m on a given frame of discernment Ω = {x1 , x2 , . . . , xn }.
The definition of belief entropy under m is as follows:
Definition 2.3. (Deng entropy) [13]
Ed = −

X

m(B) ln

B∈2Ω

m(B)
2|B| − 1

(3)

When the mass function is degenerated as a classical probability distribution,
belief entropy will be degenerated into Shannon entropy.

2

2.4. The Maximum Deng Entropy
Given a mass function m on a given frame of discernment Ω = {x1 , x2 , . . . , xn }.
The definition of the maximum belief entropy under m is as follows:
Definition 2.4. (The Maximum Deng Entropy) [14]
Ed = −

X

m(B) ln

B∈2Ω
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Where, m(B) =

m(B)
2|B| − 1

(4)

|B|
−1
P 2
|B| −1 .
B∈2Ω 2

3. The proposed method and application
Given the entanglement state and disentanglement state, the definition of
the entanglement degree is as follows:
Definition 3.1. (The quantum entanglement degree)
QED = Ei − Ee

(5)

Where, Ei and Ee are the maximum Deng entropy of the initial state (entanglement state) and end state (disentanglement state).
It should be pointed our that the less of the QED value, the more the
entanglement degree.
Example 3.1. Given GHZ status, meaning that entanglement among three particles when one of these particles collapses into a state, the other two particles
collapse into a new entanglement respectively, shown in Fig 1.
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Figure 1: The entanglement of GHZ state
For a discernment framework Θ = {A, B, C}. The maximum Deng entropy
distribution is
1
m(A) = m(B) = m(C) =
19
3
m(AB) = m(AC) = m(BC) =
19
7
m(ABC) =
19
.The maximum Deng entropy of the initial state is as follow:
E({A, B, C}) = −3 ×

1
1
3
3
7
7
ln
−3×
ln
−
ln
19 19
19 19 19 19

.
The maximum Deng entropy of end state is as follow:
1 1
3 3
ln − 3 × ln = ln 4
4 4
4 4
Hence we can obtain that QEDGHZ = ln 19
.
4
E({A, B}{C}) = −3 ×

Example 3.2. W state stands for entanglement among three particles. When
one of these particles collapses into a state, the other two particles still entangled.
The entanglement figure in Fig. 2.
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Figure 2: The entanglement of W state
The initial state m({A, B, C}) = 1. Then the maximum Deng entropy is
shown as follow:
E(Θ) = −3 ×

1
1
3
3
7
7
ln
−3×
ln
−
ln
= ln 19
19 19
19 19 19 19

.
The maximum Deng entropy of end state is as follow:
E({A}, {B}, {C}) = −3 ×

1 1
ln = ln 3
3 3

In this case ,since the mass function is degenerated as probability distribution,
Deng entropy is degenerated as Shannon entropy.
Hence we can obtain that QEDW = ln 19
3 .
19
Since ln 19
3 < ln 4 , the entanglement degree of GHZ state is higher than W
state.

4. Conclusion
The measurement method of entanglement degree of a quantum system is
still a open issue. This paper proposes a new method based on Deng entropy.
We show that the Deng entropy difference between entanglement and disentanglement can be used to measure the quantum entanglement degree. It should
be pointed out that with the concept of information volume [15, 16], the information volume difference between entanglement and disentanglement is also a
possible parameter to measure the quantum entanglement degree.
5
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